We can equip a knot K with a set of colored bonds, that is, colored intervals properly embedded into R 3 \ K. Such a construction can be viewed as a structure that topologically models a closed protein chain including any type of bridges connecting the backbone. We show that the HOMFLYPT skein module of (rigid-vertex) colored bonded links, defined in the usual way, is freely generated with an infinite basis consisting of colored Θ-curves and handcuff links. A refined version of the invariant, together with computed examples, is given.
(a) The YBEA methyltransferase from E. coli (PDB entry 1NS5). inequivalent protein Θ-curve structures, in [23] Θ-curve analysis was used to study knots appearing during DNA replication. In general, the above models either transform the bonded structure to a non-bonded structure by tangle replacement or view the structure as a spatial graph. In either case topological invariants cannot recover much information regarding the bonds. The HOMFLYPT skein module of bonded knots defined in this paper recovers such information.
In Section 2 we define colored bonded knots, in Section 3 we define and compute the HOMFLYPT skein module of colored bonded knots [27] and in Section 4 a refined version of the invariant with examples is given.
Bonded knots
Let L be an oriented link in R 3 , let b = {b 1 , b 2 , . . . , b n } be a set of bonds (closed intervals) properly embedded into R 3 − L and let χ : b → N be a coloring function. A bonded link diagram is a regular projection of L and the b's to a plane with information of under-and overcrossings and the coloring. We call a projection regular if it is cuspless and the only multiple points are finitely many transverse double points not coinciding with vertices (intersections between the link and the bonds).
Let D be the set of all colored bonded link diagrams. Two diagrams D 1 , D 2 ∈ D are equivalent if they are connected through planar isotopy and a finite sequence of moves I -V presented in Figure 2 . Although not indicated in the figures, arcs in moves I, II, III and the free arcs in IV and IV can be either link arcs or (colored) bonds. We call the equivalence classes L = D/ ∼ colored bonded links. Ignoring orientation, bonded links can be viewed as special cases of rigid-vertex graphs [16] with certain edges colored.
Note that for a given bond, the Reidemesiter moves keep the relative orientation of the adjacent arcs unchanged. Depending on this orientation, we call a bond parallel or antiparallel as depicted in Figure 3 .
The HOMFLYPT skein module
The HOMFLYPT polynomial [8] can be regarded as one of the strongest knot polynomial invariants as both the Alexander polynomial and Jones polynomial can be obtained from it by appropriate substitutions. In the case where the ambient space is not S 3 , but any other connected and orientable 3-manifolds, the polynomial may not be well-defined. Przytycki [25] and Turaev [32] independently overcame this problem by introducing the concept of skein modules. In short, we obtain a skein module if we take the space of all finite linear combinations of links and on this space impose the skein relation through which the classical HOMFLYPT polynomial is defined. The HOMFLYPT skein module, in particular, is hard to compute as it has been computed for only a handful of spaces [32, 26, 21, 9] (see also [7, 5, 6, 22] for algebraic aproaches and similar modules). A concept of a skein module has also been applied to other knotted structures, such as singular knots [24] (immersed circles in R 3 with finitely many singular points). In the following paragraph we extend the notion of a skein module to colored bonded links.
Let R be a commutative ring with units l and m an let l 2 ± ml + 1 and l 2 + 1 also be invertible in R. We denote by R[L] the free R-module spanned by colored bonded links L and by S(R, l, m) the submodule generated by the following HOMFLYPT skein expression:
The HOMFLYPT expression consists of a linear combination of three links in L that are everywhere the same, except in a small disk in R 2 , where they look like the depicted figures.
The HOMFLYPT skein module of bonded links is the quotient module
We define the following ¡elementary colored bonded knots with the bond color i:
i.e. two Θ-curves Θ i andΘ i with different parallelities and two handcuff links H i andH i with different parallelities.
The disjoint sum L 1 L 2 of two links L 1 and L 2 can be expressed by a connected sum in terms of the following formula [1] :
Note that the connected sum is not unique in general, it is, however, unique in the skein module, since the result is independent on the position of where we connect the components (the proof is of local nature and is the same as for the classical HOMFLYPT polynomial in [1] or the HOMFLYPT skein module of signular links in [24] ).
Let B be the set of all finite products of elementary generators:
where O is the unknot. These products can be regarded as unordered, since the multiplication operation, the disjoint sum, is commutative. We are ready to state our main theorem.
Theorem 3.1. The HOMFLYPT skein module of colored bonded links, H(R, l, m), is a free module generated by B.
is isomorphic to SRπ, the symmetric tensor algebra over Rπ. To recall, the tensor algebra TRπ is the graded
Rπ ⊗ Rπ and the symmetric tensor algebra is the quotient
Let us note that the statement and the proof itself collapses to that of singular links [24] if we consider only uncolored parallel bonds and contract them to a point. However, the proof for colored bonded links is a non-trivial expansion, since we deal with a much larger basis and the module is combinatorially more complex. Before attacking proof of Theorem 3.1 itself, we construct a somewhat bigger and simpler structure, where we will be able to canonically choose a bond from a colored bonded link.
LetL the set of links, where the bonds form a tuple b = (b 1 , b 2 , . . . , b d ) and the coloring function iŝ The next two propositions show thatĤ d,c (R, l, m) is freely generated by the set
Proof. We prove the lemma by induction on d. For d = 0, we do not have any bonds and the module corresponds to the HOMFLYPT skein module of classical links in S 3 and is thus freely generated by the unknot (see [27, 24] ).
For the induction step we show that in the module every d-component link can be expressed as linear combination of products of elements inĤ d−1,c −d (R, l, m) and elements in
In order to show this, we must first isolate the last bond, with the index d, as depicted in Figure 4a or Figure 4b , depending on the parallelity. This can always be achieved, since we can use IV to push all strands away from the bond, so they do not intersect with the bond and then isotope the bond to one side of the diagram.
We split the proof into two cases. First, let the bond be parallel. In this case we have the following equality (as in all subsequent diagrammatic computations, we omit coloring the bonds in all but the first step):
Terms on the RHS are connected sums with an elementary generator in π c d , except the middle term, so we transform it:
1 Notation borrowed from game theory.
We solve Equations (3) and (4) and obtain the solution:
and
Note that the right-hand sides are connected sums of links with d−1 bonds and elementary generators from π c d , which can be cut off from the rest of the links by Equation (2) . Note also that (l 4 + 2l 2 + 1 − l 2 m 2 ) = (l 2 + 1 − lm)(l 2 + 1 + lm) is invertible in R.
In the second case, when the bond is antiparallel, we repeat a similar calculation to that of Equation (3) , except that the bottom arc is reversed:
We repeat an analogue calculation, except that we isotope the bottom strand under the rest:
We also have the following two HOMFLYPT skein relations:
Adding together Equations (7) and (8) and using Equations (9) and (10) we get after factorizing
Again, the elementary generators from the right-hand sides can be cut off using Equation (2). Proof. We define four R-linear maps g 0,d , g ∞,d , g +,d , g −,d :L d,c →L d−1,c −d , which locally replace the last d-th bond of each generator with a non-bond according to the following conventions:
It is easy to see that the maps g 0,d , g ∞,d , g +,d , and g −,d are well defined (see Theorem 3.1 in [16] ). The most non-trivial case is perhaps invariance of g ∞,d under V when the bond is antiparallel. In this case, invariance is due to the fact that the following diagram commutes:
The four maps can be extended R-linearly to maps g 0,d , g ∞,d , g +,d , g −,d : RL d,c → RL d−1,c −d , which induce the following maps on the module: (R, l, m) . On the elementary links Θ c d ,Θ c d , H c d , andH c d maps g * 0,1 ,g * ∞,1 ,g * +,1 , and g * −,1 take the values presented in Table 1 . In these calculations we used the following two equalities that hold inĤ 0 (R, l, m): Let us assume that an arbitrary formal sum inĤ d,c (R, l, m) takes the value 0,
where r(A) ∈ R are the coefficients. We apply g * 0,d to the sum and obtain 0 =
Similarly we apply g ∞ d and obtain 0 =
Applying the last two maps g ± d we obtain
and 0 =
By the induction hypothesis equations (12a) -(12d) yield the following linear system of equations:
The determinant of this system is l −5 m −3 (l 2 + lm
Proof of theorem 3.1. As in the case ofĤ(R, l, m), the module H(R, l, m) also has a natural grading given by the number of bonds, d:
On order to prove the theorem, it is enough to show that H d (R, l, m) is freely generated by the set
consisting of unordered d-products of colored elementary generators. The symmetric group S d acts on the coloring c = (c 1 , c 2 , . . . , c d ) by permuting the coordinates. This action also permutes elements in the basisB d and the moduleĤ d (R, l, m)/S d is freely generated by the orbits of S n , which coincide with B d . It follows that H d (R, l, m) ∼ =Ĥd(R, l, m)/S d , that is, H d (R, l, m) is freely generated by B d .
The refined invariant and examples
We start with the following remark. (1) isolating the bonds and applying Equations (5) and (11) to form a linear sum of knots that are connected sums of non-bonded knots and the elementary generators (as in the proof of Proposition 3.1), (2) cut off elementary generators using Equation (2), (3) simplify the remaining knot using the HOMFLYPT skein relation.
Following the remark, observe that in the process of computing [L] B , the final expression containins d − 1 factors (l 2 + l −2 + 2 − l 2 ) −1 due to Equations (5) and (11) and d − 1 factors −m(l + l −1 ) −1 due to Equation 2. We define a simplified (shorter) invariant to distinguish between colored bonded links, the refined HOMFLYPT expression of a colored d-bonded link L as
Example 4.1. It is known that toxins from venomous organisms form disulfide-rich peptides and therefore present us with good examples. Without asserting much biological importance, we compute the refined HOMFLYPT expression of two protein complexes: a toxin from the Mexican Nayarit Scorpion venom in Figure 5a and a toxin of the Chinese scorpion venom in Figure 5b . We denote the bonded knots respectively by K CN29 and K ADWX-1 . Following Remark 4.1, the computation of the refined HOMFLYPT expression is relatively straightforward. The topologies are indeed different: 
